(x Asymptotic expected
number of hairpins in saturated
structures with theta=1 and p=1 «)

(xWe first compute the dominant singularity and
asymptotic number of saturated structures,
using Drmota-Lalley—-Woods Theorem. x)

Clear["*"]

Clear[p, S, DO, NO, z, R, eqn0O, eqn, F, z0, y0O, dFdz0£fz0S0, d2Fdy0£fz0S0] ;

p=1;

eqn = {S==DO+NO, DO ==2+2"2, NO==RDO + pDOz"2+ pNOz"2 + pSDO0Oz"2 +pSNOz"2,
==pD0z"2 +pNOz"2 + pRDOZz"2 + pRNOz"2}

Eliminate[eqgn, {NO, DO, R}]

F = (S:‘z‘l+Szz2 (—2+zz) -z (1+z))/(z’\2—1)

NSolve[{F = S, D[F, 8] =1}, {z, S}1;
z0 = 0.42468731042025953"
y0 = 1.6568963458689725"

dFdz0fz0S0 = D[F, z] /. {z » 20, S » yO0}

d2Fdy0£fz0Ss0 = D[F, {S, 2}] /. {z > 20, S » yO}

c = Sqrt[z0 dFdz0£fz0S0 / (2 Pi d2Fdy0£z0S0) ]

c*x (1/2z0)"nn" (-3/2)

{s = D0 +NO, DO = z + 22, NO == DOR + D0 z? + NO z?> + DO S z? + NO S 22, R == DO z? + NO zZ+D0Rzz+N0Rzz}
siz'+s (1—22) +82 22 (—2+zz) =2z (1+2)

S3z4-z (1+2)+8%22? (—2+zz)

-1+ 22

0.424687
1.6569
6.93659
0.406264

1.07427

1.07427 x 2.35467"

1,13/2

(*Now, we compute mean,variance using Drmota's Theoremx)

Clear["*"]

p=1;

eqn = {S==DO0O+NO, DO==2+2"2, NO==RDO + puDO0z"2+pN0Oz"2 + puSDOz"2 + pSNOz"2,
==pubD0z”2 + pNOz"2 + puRDOz"2 + pRNOz"2}
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CellPrint["Eliminate all variables except S,u,z"]
Eliminate[eqn, {DO, NO, R}]
Collect([%, S, Simplify]
F= (s2°+8%2% (-2+2%+2 (-1+u) 2*+2 (-1+u) 2z*) -
(-2 (1+2) (-1-(-1+u) 2%+ (-1+u)?2°+ (-1+u)?2%))) /
(-(1+2z) (1-2z-2(-1+u)2’+2 (-1+u) 2°+ (-1+u)? 2%+ (-1+u)?27))
£=(F/.S> s)
s-f
(* express over a common denominatorx)
Together([s - f]
a = Numerator[%]

dfs = D[f, s]

1-dfs

(* express over a common denominatorx)

Together[1l - dfs]

(# a is numerator of s-f, and b is numerator of 1-dfs,
where both have identical denominators x)

b = Numerator[%]

(# a is numerator of s-f, and b is numerator of 1-dfs,
where both have identical denominators x)

(* NOTE: denominators of both expressions s-f and 1-dfs is the same *)
CellPrint["Now compute the resultant of numerators a,b to get relation between S,u,z"]

(* res =Resultant[s-f,1-dfs,s] =)

(*We compute resultant of numerators,

since we have Resultant[S-F,1-D[F,S],S]=0 which is not much use.x)
CellPrint["Express S-F and 1-D[F,S] as fractions over the same common denominator"]
CellPrint["Then compute the resultant of the numerators of these expressions"]

res = Resultant[a, b, s]

(* Replace z by z[u], a function of u x)

res /. z - z[u]

(*» Now compute z'[u] *)

dres = D[%, u]

Simplify[Collect[dres, z '[u]]]

Solve[dres == 0, z ' [u]]

dzu = Last [Last[Last[Solve[dres == 0, z '[u]]]]];
(#2[1] equals rho, the dominant singularity =)

rho = 0.42468731042025953";
(* value of z0 in the first part of this file, the dominant singularityx)
dzuEvaluatedAtl = (dzu/.u->1) /. z[1] » rho
CellPrint[
"According to Drmota's Theorem 1, the mean equals -z'[1]/z[1], computed next. "]

mu = ((-dzu/z[u] /.u->1) /. z[1] -» rho)

(*Variance computation =)

(* d2zu is z''[1] %)

d2zu = (((D[dzu, u] /. u->1) /. 2[1] »rho) /. z'[1] » dzuEvaluatedAtl)
CellPrint["Now compute variance, which by Drmota is -z''[1]/2z[1] + mu™2 + mu"]
var = -d2zu/rho+mu*mu + mu
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{8 =D0+N0, DO = z + 2%,
NO = DOR+NO z? + NO S 2° + DOu z” + DO Su z?, R = NO z° + NORz? + DO u z* + DORu z°}

Eliminate all variables except S,u,z

s3 z% + 8% 22 (—2+zz—223+2uz3—2z4+2uz4)+S(1—22+223—2uz3+
224—2uz4—225+2uz5—26+u2z6+2z7—4uz7+2u2z7+zs—2uze+u228) ==

z(1+z—zz+u22—z3+uz3—25+2u25—u225—2z6+4uz6—2u226—z7+2uz7—u227)

s’z +8%2% (-2+27+2 (-1+u) 2’ +2 (-1+u) z*) +
(1+2) (1—2—2 “lvu) 2P+2 (-1+u) 2%+ (-1l+vw)? 2%+ (m1+u)?2) =

(L+2) (-1-(-1+u) 2+ (-1+u)?2°+ (-1+u)? 2%

(S3z4+s2 z?2 (—2+zz+2 (-1+u) z>+2 (-1+u) z4) +
z(l+z) (-1-(-1+u)z*+ (-1+u)®2°+ (-1+u)?z2°%)) /
((—l—z) (1—z—2 (-1+u) 23+ 2 (-1+u) 2°+ (—1+u)zzs+ (—1+u)zz7))

(s3z4+s2 22 (—2+zz+2 (-1+u) z3+2 (-1+u) 24) +
z (l+z) (-1-(-1+u)z*+ (-1+u)?2°+ (—1+u)226))/
((-1-2) (1-z-2(-1+u)2’+2 (-1+u) 2°+ (-1+u)?2°+ (-1+u)?2’))

s - (s3z4+3222 (—2+22+2 (-1+u) z3+2 (-1+u) 24) +

z(l+z) (-1-(-1+u)z’+ (-1+w)?2’+ (-1+u)®2%)) /
((-1-2) (1-z-2(-1+u)2’+2 (-1+u) 2+ (-1+u)?2°+ (-1+u)?2’))

2 3

+z3+2sz’-uz’-2suz
5

3 4 3

(s—z—zz—szz—2szz +zti2sztrs?zt szt muzt-2suzt-2sz2

2s?z°+2suz’+2s?uz’+2%-s52°-28%22°-2uzf+2suzbiutzbisu?z®i22"+
2527—4uz7—4suz7+2u2z7+2suzz7+28+s28—2u28—25u28+u228+su228)/
((1+z) (1—z+2z3—2uz3—2zs+2uzs+ze—2uzG+u2ze+z7—2uz7+uzz7)>

s-z-22-s522-2s222+23+2sz3-uzd-2suzd+z*+2sz*+s2z+szt—uz-2suzi-
2sz°-2s%2z+2suz’+2s?uz’+2%-s52°-2s822°-2uzb+2suzb+utzbisulz®+

2z’ +2sz’' -4uz’' -4suz’+2u?z’+2su’z’ +2z8+s28-2uzf-2suzb+u?z®+su’zt

3s?2%+2s2% (-2+27+2 (-1+u) 2’ +2 (-1+u) z*)

(-1-2) (1-2z-2(-1+u)2®+2 (-1+u) z°+ (-1+u)22°+ (-1+u)?2’)

1-(3s?z*+2s2* (-2+2°+2 (-1+u) 2°+2 (-1+u) z*)) /
((-1-2) (1-z-2(-1+u)2’+2 (-1+u) 2+ (-1+u)?2°+ (-1+u)?2’))

(l—zz—4szz+2z3—2uz3+2z4+2524+3szz4—2uz4—225—4s25+2u25+

5_ 6—4szs+45u26+u2zs+2z7—4uz7+2u227+za—2uzs+u228)/

((1+z) (1—z+223—2uz3—225+2u25+26—2u26+u226+z7—2uz7+u227))

4dsuz

1-2z2-4s2z?>+223-2uzd+22*+2s2z*+3s?z*-2uz?-22°-4sz2°+
2uzd+4suz’®-2z0-4sz8+4suzb+u?z®+22"-4uz’+2utz’+28-2uzb izt

Now compute the resultant of numerators a,b to get relation between S,u,z
Express S-F and 1-D[F,S] as fractions over the same common denominator

Then compute the resultant of the numerators of these expressions

—4z' 522,623 4232 v 12uztt 43425 +26uzt®+122%+20uz®-3027 +38uzl’ -
12u2 27 -612%+94uz®-37u?2®-742°+124uz®-50u?2?®-65220+122uz20-
61u®z?%+4u32%° 52221 +120uz?t-84u?z?+16u’ 2% -362%%2+96uz??-84u?z??
24u2%?2-162z%3+48uz?®-48u? 2z +16uz??-42%" 1 12uz?-12u?z%* + 4 ud 2

5_

|3
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—4z[ultt-s5zu?+6z[ulP+23zul?+12uzult?+34z[ulP+26uz[ult®+122z[u]lt+
20uzult®-30z[ult’+38uzfult’-12ulzujt’-61z[u]®+94uz[ul®-37u?zu ]18—74z[ 1+
124uzful®-50u?z[u]?®-65z[uj?®+122uzul?®°-61u?z[u]?®*+4u’z[u)?°-52z[u}#
120uzu]?t-84u?z[ul?t+16udz[uj?t-36z[ulj?2+96uz[ul??2-84u?z[uj??+24u z[u]zz—
le[u]23+48uz[u]23—48u2z[u}23+16u3z[u}23—4z[u}”*—lZuz[u}”—12uzz[u}24+4u32[u}24

12z[ul™+26z[ul’®+20z[ujt®+38z[ul’-24uzult’ +94z[u]®-74uzujt®+

124 z[u]? -100uz[ul?®+122z2[u]?° -122uz[u]?®+12u?z[u]?®°+120z[u]?! -
168uz[u]?t+48u2z[uj?t+96z[uj??*-168uzful??+72u?z[uj*?+48z[ul?®*-96uzu]?+
48u?z[u]P® +12z[ul**-24uzu)?*+12u?z[u]?* - 44 z[u]!® Derivative[1l] [2] [u] -

60 z[u]!! Derivative[1][z] [u] + 78 z[u]'? Derivative[1l] [z] [u] + 322 z[u] '3 Derivative[1l] [z] [u] +
168 uz[u]'®Derivative[1][z] [u] +510 z[u]'* Derivative[1][z][u] +
390uz[u]l® Derivative[1][z][u] +192 z[u]!® Derivative[1][z] [u] +
320uz[u]’® Derivative[1][z][u] - 510 z[u]!® Derivative[1] [z] [u] +

646 uz[u]'®Derivative[1l] [z] [u] - 204 u? z[u]'® Derivative[1l] [z] [u] -
1098 z[u]!’ Derivative[1l][z] [u] + 1692 u z[u]!’ Derivative[1l][z] [u] -
666 u? z[u]!’ Derivative[1] [z] [u] - 1406 z[u]'® Derivative[1][z] [u] +
2356 uz[u]'®Derivative[1l][z] [u] - 950 u? z[u]'® Derivative[1l][z] [u] -
1300 z[u]?’ Derivative[1][z] [u] + 2440 u z[u] !’ Derivative[1l][z] [u] -
1220 u? z[u) '’ Derivative[1] [z] [u] + 80 u® z[u]?'® Derivative[1] [z] [u] -
1092 z[u]?° Derivative[1][z] [u] + 2520 u z[u]?° Derivative[1l] [z] [u] -
1764 u? z[ u]?® perivative[1][z] [u] + 336 u® z[u]?’ Derivative[1l][z][u] -
792 z[u]?! Derlvatlve[ ][2z][u] +2112uz[u]? Derivative[l][z] [u] -
1848 u? z[u]?! Derivative[1] [z] [u] + 528 u® z[u]?! Derivative[1][z] [u] -
368 z[u]22 Derlvatlve[ 1[z][u] +1104 u z[u}22 Derivative[l] [z] [u] -
1104 u? z[u]?? Derivative[1] [z] [u] + 368 u® z[u]?? Derivative[1] [z] [u] -
96 z[u]?3 Derivative[1] [z] [u] + 288 uz[u]? Derivative[1l][z] [u] -

288 u? z[u]?® Derivative[1l] [z] [u] + 96 u® z[u]?3 Derivative[1l] [z] [u]

2z[u]'® (6 (-1+u)?z[u] - 22Derivative[1] [z] [u] - 30 z[u] Derivative[1][z] [u] +
39 z[u]? Derivative[1][z] [u] +7 (23 +12u) z[u]®Derivative[1l][z][u] +
24 (-1+u)?z[u]!® (1+2 (-1+u) Derivative[1l] [z] [u]) +

4 (-1+u) z[u]*® (-12+9u+46 (-1+u)?Derivative[1] [z] [u]) +

z[u]'® (61-61lu+6u’+42 (-1+u)? (-13+4u) Derlvatlve[l][z [u]) +

z[u]® (13+32 (3 +5u) Derivative[1l][z][u]) +3 z[u ] (2 + (85 +65u) Derivative[l] [z] [u]) +
12 (-1+u) z[u]* (-5+2u+11 (3-5u+2u?) Derivative[1][z] [u]) +

z[u]® (10-17 (15-19u+6u’) Derivative[1] [z] [u]) +

z[u]® (47-37u-19 (37 -62u+25u®) Derivative[1] [z] [u]) +

z[u]” (19-12u-9 (61-94u+37u’) Derivative[1][z][u]) +

2z[u]® (31-25u+5 (-65+122u-61u’+4u’) Derivative[l][z][u]))

{{Derivative[l} [z] [u] =

(-6z[ul*-132[ul®>-102[u)®-19z[u]’+12uz[u]’-472z[u]®+37uz[u]®-
62z[ul®>+50uzful®-61z[u]l’ +61uz[u]1° 6uzul®-60z[ujlt+
84uz[u}11—24uzz[u]11—482 } +84uz[ }12—36uzz[u]12—
24z[u}13+48uz[u}13—24u22 u} z[u } +12uz[u}14—6uzz[u]l4>/

(—22—302[u]+392[u}2+161z[u}3+84uz[ ul®+255z[ul?+195uzful?+96z[ul®+
160uzfu]®-2552z[ul®+323uz[ul®-102u2z[u]j®-549z[u]’+846uzfu]’-
333u2z[u]’-7032z[u]®+1178uz[u]®-475uz[u]®-650z[u]’+1220uzfu]’-
610u2z[u]g+40u3z[u}9—546z[u]1°+1260uz[u]1°—882u2z[u]1°+168u3z[u]1°—
396 z[u]lt +1056uzultt-924u? z[ultt +264udz[u]tt -184 z[u]t? + 552 uz[u]t?
552u® z[u]'? + 184w’ z[u]'? - 48 z[u]"’ + 144 uz[u]*’ - 144 v’ z[u]’ + 48 W’ z[u]?) } }

u

-0.0523188
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According to Drmota's Theorem 1, the mean equals -z'[1]/z[1], computed next.
0.123194
0.0442454

Now compute variance, which by Drmota is -z"[1]/z[1] + mu’2 + mu

0.0341867



