(x Asymptotic expected number of
hairpins in saturated structures,
theta=1,p=1,using results from
earlier version of paper )

(xWe first compute the dominant singularity and
asymptotic number of saturated structures,
using Drmota-Lalley—Woods Theorem. %)

eqn = {S=D0+NO, DO ==z +2"2,

NO ==RDO + DOz"2+N0z"2 + SD0z"2 + SNOz"2, R==D0z"2 + NOz"2 + RDOz"2 + RNOz"2};
Last[First[First[Solve[eqn, {S, DO, NO, R}]111;
Eliminate[eqn, {NO, DO, R}]
F‘=S3z‘l+s(1—zz)+szz2 (—2+zz)—z(1+z)+s;
NSolve[{F == S, D[F, S] =1}, {z, S}]
z0 = 0.42468731042028074";
y0 = 1.6568963458689865" ;
dFdz0fz0S0 = D[F, z] /. {z > 20, S » y0}
d2Fdy0£fz0Ss0 = D[F, {S, 2}] /. {z > 20, S » yO}

c = Sqrt[z0 dFdz0£z0S0 / (2 Pi d2Fdy0£z0S0) ]
AsymptoticValue = c* (1/20) “nn” (-3/2)

(*Now, we compute mean,variance using Drmota's Theoremx)

(*S = 2z + 272 + Rx(2+272) + (2+2”2)u 272 + (S-2-2"2)2"2 + S(z+2"2) u 2”2 + S
(S-z -2"2) z2"2;
R = u 2"2(z2+2"2) + 2”2 (S-2-2"2) +R(z+z2"2)u z"2 + R(S-z-z"2) z"2;
*
)
Clear[R, F, S, eqn, NO, DO, F, 20, yO, c];
(*Equation (5) from paper, written in form R = .... %)
sol =
Solve[R == uz"2 (2+2"2) + 272 (S-2-2"2) +R(z2+2"2)uz”"2 + R(S-2-2"2)2z"2, R];
(# Now it follows that R = Last[Last[Last[sol]]]=*)
(* Equation (4) from paper, written in form S = .... %)
rightSideOfS = z + 2”2 + R* (2+2"72) +
(z+z272)uz"2 + (S-2-2"2)2"2 + S(z2+2"2)uz"2 +S(S-2 -2"2)z2"2
(» Now replace R in right side of equation by previous expression "sol"x)
rightSideOfS /. R - Last[Last[Last[sol]]]
(* The following is the functional relation which satisfies y =
F(z,y,u) where y is S%)
(* We now follow Drmota's paper "Systems of Functional Equations"”,
where his x,y,z are our z,S,ux)

F=%
f=(F/.S8S-> s)
s-f

(* express over a common denominatorsx)
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Together([s - f]

dfs = D[f, s]

1-dfs

(* express over a common denominatorx)

Together[1l - dfs]

(* a is numerator of s-f, and b is numerator of 1l-dfs,

where both have identical denominators =*)

a = (—1+szz—z3+uz3—z4+uz4)

(—s+z+z2+sz2+252zz—z3—2sz3+uz3+25uz3—z4—2524—52z4—s3z4+uz4+25uz4+
2s2°+2s2z°-2suz’-2s?uz®-2%+s52°+2s22°+2uzf-2s52uzf-u?zf-su?z°-

227—2sz7+4uz7+4suz7—2u2z7—25u2z7—zs—sz8+2uz8+25uz8—u2zs—suzzs);

b = (1-zz—4szz+2z3—3uz3+2z4+2sz4+552z4—3uz4—225—85z5+2u25+85u25+
26-8s52°-522°-28%2°-4uz°+8suzf+3u?z°+62z"+2sz’ +5s22”-12uz’-2suz’ -
5s2uz’ +6u’z’+228-2s28+5s22%-4uzf+6suz®-5s2uzf+2u?z-4su?zf-2°-
8sz’+uz’+16suz’+u?z°-8su?z’-u¥2°+22°-4s2z°-7uz®+8suzl®+8u?z-
4su221°—3u321°+3z“—9uzu+9u2z11—3u3zu+zu—3uzlz+3u2zu—u3zlz);

CellPrint["Now compute the resultant of numerators a,b to get relation between S,u,z"]

(*We compute resultant of numerators,
since we have Resultant[S-F,1-D[F,S],S]=0 which is not much use.x)
res = Resultant[a, b, s]
(* Replace z by z[u], a function of u *)
res /. z - z[u];
(* Now compute z'[u] =*)
dres = D[%, u]
dzu = Last[Last[Last[Solve[dres == 0, z'[u]]]]1];
(#z[1] equals rho, the dominant singularity =)
rho = 0.42468731042028074"
dzuEvaluatedAtl = (dzu/.u->1) /. z[1l] » rho
CellPrint[
"According to Drmota's Theorem 1, the mean equals -z'[1]/z[1], computed next. "]
mu = ((-dzu/z[u] /.u->1) /. z[1] -» rho)

(*Variance computation %)

CellPrint["Now compute variance, which by Drmota is -z''[1]/2z[1] + mu™"2 + mu"]
(* d2zu is z''[1] %)

d2zu = (((D[dzu, u] /. u->1) /. z[1] » rho) /. z'[1] » dzuEvaluatedAtl)

var = -d2zu/rho+mu*mu + mu

S3z4+S<1—zz>+Szz2 (—2+zz) =2z (1l+2)

{{z >3.2141, S > -0.587227}, {z > -0.854537, S > 0.988667},
{z > 0.424687, S > 1.6569}, {z > -2.29493, S > -0.513379},
{(z>-1.,850.}, {z—>-0.244657+0.56011, S -0.741229 + 0.680476 1},
{z > -0.244657 - 0.5601 1, S > -0.741229 - 0.680476 i} }

-5.68551
-0.33299

1.07427

1.07427 x 2.35467"

n3/2

z + 2% + 22 (S—z—22)+Sz2 (S—z—zz>+R(z+zz)+uz2 <z+22)+Suz2 (z+22)
z + 2% + 22 (S—z—zz)JrSz2 (S—z—zz>+

<z+zz) (—Szz+z3—uz3+z4—uz4)

u z? <z+zz) +Suz? (z+zz) +
-1+8Sz?2-2z3+uzd-z*+uzt
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z + 2%+ 22 <S—z—22)+Sz2 (S—z—zz>+

3

<z+zz) (—Szz+z3—uz +z*

—uz4)

u z? <z+zz> +Suz? (z+zz) +
-1+sz?-z3+uzi-zt+uzt

Z+22+Zz <S*Z*ZZ)+SZ2 (S*Z*ZZ>+

(z+22) (—szz+z3—uz3+z4—uz4)
2

u z? (z+zz)+suz (z+zz)+
~l+sz?-z3+uzi-zt+uzt

S—Z—ZZ—Z2 (S—Z—ZZ)—SZ2 (S—Z—22>—

<Z+ZZ> (—szz+z3—uz3+z4—uz4>

llZz(ZJrZz)fSuZz(ZJrZz)f p 3 3 .
-2 +uz” -2

-l+sz +uz

1

~l+sz?-2z3+uzd-zt+uzt
2_z3_2sz3+uzd+2suzi-zt-2szt-s?zt-s3ztruzt+2suzt+

52848242822+ 2uzf-2s5uz®-utzb-su?zf-

7 8

(—s+z+22+szz+2522
2sz°+2s%z°-2suz’-2s%uz
~z8-_sz8+2uzb+2suzb-ulz

2z"-2sz’+4uz’ +4suz’ -2u’z’-2su’z —suzzs)

22+SZZ+22 (s—z—zz)+uzz (Z+22>7

z?2 (z+zz) (—szz+z3—uz3+z4—uz4) z?2 (z+zz)
(—l+szz—z3+uz3—z4+uz4)2 _—1+szz—z3+uz3—z4+uz4
1-2z%-5z2%-22 (s—z—zz)—uz2 (z+z2)+
z2 (z+z2) (—sz2+z3—uz3+z4—uz4) z2 (z+z2)
(—l+szz—z3+uz3—z4+uz4)2 +—l+szz—z3+uz3—z4+uz4
1

2
<—1+szz—z3+uz3—z4+uz4)
(1—22—4522+223—3u23+224+2524+55224—3uz4—225—8525+2u25+85u25+26—

8s2z%-522°-2s%2°-4uzf+8suz®+3u?z+62z"+2sz’+5s?°2"-12uz’-2suz’ -

5stuz’+6ulz’ +228-2s28+5s228 4uzbibsuzb-5stuzbi2u?z®f-4su?2®-2°-

8sz’+uz’+16suz’+u?z’-8su?z’-uz’+220-4s52°_-7uz®+8suzl®+8u?z!0-
4su221°—3u321°+3zll—9uz“+9u2z“—3u3zll+zlz—3uzlz+3u2212—u3212)

Now compute the resultant of numerators a,b to get relation between S,u,z
(2 + 210)
(4 218 49219 220293221 _12uz? -572%2-38uz??-4622°-46uz?+182% -58uz**+12u’z%+

91 2z2°-132uz?® +49u?2z?°+1352% -218uz?®+87u?2%+1392%7 -246uz? +111u? 2% - 4 u 2%’

117 228 - 242 uz?® + 145u? 2% - 201’ 2?8 + 88 2%° - 216 uz?® +168u?2?° - 40u®2z?° +5223° - 144 u 2z

132u” 2% -40u’ 2+ 202> - 60uz + 600’ 2’ - 20u’ 2* + 423 - 120z’ + 1207 277 - 4 WP 2P

|3

+

+
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(42[u]'®+92z[u)?-2[u]*°-29z[u)® -12uz[u]? -57z[u]®*-38uz[ul? -46z[u]®

~46uzful®+

18 z[u}24—58uz[u]24+12u2z[u}24+91z[u]25—132uz[u]25+49u2z[u}25+135z[u}26—

218uz[u]?®+87u?z[ul?®+139z[ulj?’ -246uzful?’ +111u?z[ul?’ -4uvdz[u)? +

117z[u]28—242uz[ 128+ 14502 z[u])?® - 20u’ z[u]?® + 88 z[u]?®*-216uz[u]? +
168u22[u} —40udz[u]?®+522[u)3®-144uzu]®®+132u?z[u]®-40udz[ul®®+20z[u)-
60uzu]’ +60u’z[ul*-20u’z[ul® +4z[ul**-12uzu]’*+12v’ z[u)* -4 v’ z[u]’?)
(9 z[u])®Derivative[1] [2z] [u] + 10 z[u]® Derivative[1][z] [u]) +

(z[u]® +2z[u]'?) (—122[u} 1_38z[u]??-46z[ulj?®-58z[uj?*+24uzfuj®*-1322z[u]?+
98uzu]?®-218z[u)?®+174uzul?®-246 z[uj?’ +222uzful?’ -12u?z[u)? 2422[ u)?® .
290uz[ul?®-60u?z[ul®®-216z[u]?®+336uzful?®-120u?zfu ]29—1442[ u]3°
264uz[ul®-120u2z[u]®®°-60z[ul®+120uzful®-60u?z[u]d-12z[u] 2+24uz[u}32—
12u?z[u]? +72 z[u]'’ Derivative[1] [z] [u] + 171 z[u]'® Derivative[1l] [z] [u] -
20 z[u]'® Derivative[1] [z] [u] - 609 z[u]?° Derivative[1][z] [u] -
252 uz[u]?® perivative[1] [z] [u] - 1254 z[u]?! Derivative[l] [z] [u] -
836 uz[u]?! Derivative[1][z] [u] - 1058 z[u]?? Derivative[1][z] [u] -
1058 u z[u]?? Derivative[1] [z] [u] + 432 z[u]?® Derivative[1l][z] [u] -
1392 u z[u]?® Derivative[1] [z] [u] + 288 u? z[u]?® Derivative[1][2] [u] +
2275 z[u]?* Derivative[1l] [z] [u] - 3300 u z[u]?* Derivative[1l] [z] [u] +

1225 u? z[u]?* Derivative[1] [z] [u] + 3510 z[u]?® Derivative[1l] [z] [u] -

5668 u z[u]?® Derivative[1] [z] [u] + 2262 u®? z[u]?® Derivative[1][z] [u] +
3753 z[u]?® Derivative[1] [z] [u] - 6642 uz[u]?® Derivative[1][z] [u] +
2997 u? z[u]?® Derivative[1] [2z] [u] - 108 u® z[u]?® Derivative[1] [z] [u] +
3276 z[u]?’ Derlvatlve[ 1[2z][u] -6776uzfu] 7Derlvatlve[l} [z] [u] +
4060 u? z[u ] Derivative[l] [z] [u] -560u’ z[u] Derivative[l] [z] [u] +
2552 z[u]?® Derlvatlve[ 1[z][u] -6264uzu]?® Derivative[ 1[z][u] +
4872 u? z[u } Derivative[l] [z] [u] - 1160 u® z[u ] Derivative([l] [z] [u] +
1560 z[u]?® Derivative[1] [z] [u] - 4320 u z[u]?’ Derivative[1][z] [u] +
3960 u? z[u]?° Derivative([1][z] [u] - 1200 u® z[u]?° Derivative[1] [z] [u] +
620 z[u]3° Derivative[l] [z] [u] - 1860uz[u }30 Derivative[l][z] [u] +
1860 u? z[ u]3% Derivative[1][z] [u] - 620 u® z[u]3® Derivative[1][z] [u] +
128 z[u ] Derlvatlve[ 1[2z][u] -384uzfu ]3 Derlvatlve[l} [z] [u] +
384 u® z[u]’! Derivative[1] [z] [u] - 128 u® z[u]*! Derivative[1][z] [u])

0.424687

-0.0523188

According to Drmota's Theorem 1, the mean equals -z'[1]/z[1], computed next.
0.123194

Now compute variance, which by Drmota is -z"[1]/z[1] + mu/2 + mu
0.0442454

0.0341867



