(x Asymptotic expected number of
hairpins In saturated structures
with theta=1 and p=1/2 %)

(xWe first compute the dominant singularity and
asymptotic number of saturated structures,
using Drmota-Lalley—-Woods Theorem. x)

Clear["*"]

Clear[p, S, DO, NO, z, R, eqn0O, eqn, F, z0, y0O, dFdz0£fz0S0, d2Fdy0£fz0S0] ;

p=1/2;

eqn = {S==DO0+NO, DO==2+2"2, NO==RDO + pDOz"2+ pNOz"2 + pSD0z"2 +pSNOz"2,
R=pD0z"2 +pNOz"2 + pRDOz"2 + pRNOz"2}

Eliminate[eqgn, {NO, DO, R}]

F = (S3 z? + 82 22 (_4+22) -z (4+4z))/(—1 (4—2z2))

NSolve[{F == S, D[F, 8] = 1}, {z, S}]1;
z0 = 0.5343653037924583"
y0 = 2.1489053808896275"

dFdz0fz0S0 = D[F, z] /. {z » 20, S > y0}

d2Fdy0fz0S0 = D[F, {S, 2}] /. {z > z0, S -» y0}
c = Sqrt [z0 dFdz0£fz0S0 / (2 Pi d2Fdy0£z0S0) ]
cx (1/20) "nn"(-3/2)

DO z2 NOz? 1 1
+ +7DOSZZ+7NOSZZ,
2 2 2 2

{s = D0 +NO, DO == z + 22, NO == DOR +

DO z? NOz2 1 1
+ +7D0R22+7NOR22}
2 2 2 2

R ==

s’z'+8 (4-22%) +8%2° (-4+2°) =z (4+42)

szt -z (4+42)+8%2° (-4+27)

-4+22?
0.534365

2.14891
6.92169
0.312055

1.37347

1.37347 x1.87138"

n3/2

(xNow, we compute mean,variance using Drmota's Theoremsx)
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Clear["*"]

Clear[p, rho, z0, yO, eqn, F, £, S, s, DO, NO, z, R, dfs, a, b]

p=1/2;

eqn = {S=DO0+NO, DO==z+2"2, NO==RDO + puD0z"2+pN0z"2 + puSDOz"2 + pSNOz"2,
=puD0z”2 + p NOz"2 + puRD0z"2 + pRNOz"2}

CellPrint["Eliminate all variables except S,u,z"]
Eliminate[eqn, {DO, NO, R}]
Collect[%, S, Simplify]
F= (s2*+8%2% (-4+2%+2 (-1+u) 2> +2 (-1+u) z*) +
z(1+z) (-4-2(-1+u)z?+ (-1+u)?2°+ (-1+u)?2°%)) /
(- (4-222-4(-1+u) 2’ -4 (-1+u)z*+2 (-1+u) 2°+ (-1+u?) 2°+2 (-1+u)? 2" + (-1 +u)? 2%))

f=(F/.S-> s)

s-f

(* express over a common denominatorx)
Together|[s - f]

a = Numerator[%]

dfs = D[f, s]

1-dfs

(* express over a common denominatorx)

Together[1l - dfs]

(# a is numerator of s-f, and b is numerator of 1-dfs,
where both have identical denominators =x)

b = Numerator [%]

(# a is numerator of s-f, and b is numerator of 1-dfs,
where both have identical denominators =x)

If [Denominator [Together[s - £]] == Denominator [Together[1l - dfs]],
CellPrint["Denominator of (s-f) same as that of (1-dfs)"],
CellPrint["Denominator of (s-f) different than than of (1-dfs)"]]

(* NOTE: denominators of both expressions s-f and 1-dfs is the same *)
CellPrint["Now compute the resultant of numerators a,b to get relation between S,u,z"]

(* res =Resultant[s-f,1-dfs,s] =)

(*We compute resultant of numerators,

since we have Resultant[S-F,1-D[F,S],S]=0 which is not much use.x)
CellPrint["Express S-F and 1-D[F,S] as fractions over the same common denominator"]
CellPrint["Then compute the resultant of the numerators of these expressions"]

res = Resultant[a, b, s]

(* Replace z by z[u], a function of u x)

res /. z - z[u]

(» Now compute z'[u] *)

dres = D[%, u]

Simplify[Collect[dres, z '[u]]]

Solve[dres == 0, z ' [u]]

dzu = Last [Last[Last[Solve[dres == 0, z '[u]]]]];
(#2[1] equals rho, the dominant singularity =)

rho = 0.5343653037924583";

(* value of z0 in the first part of this file, the dominant singularityx)
dzuEvaluatedAtl = (dzu/.u->1) /. z[1] » rho

CellPrint[
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"According to Drmota's Theorem 1, the mean equals -z'[1]/z[1], computed next.
mu = ((-dzu/z[u] /.u->1) /. z[1] - rho)

(#Variance computation %)

(* d2zu is z''[1] *)

d2zu = (((D[dzu, u] /.u->1) /. z2[1] > rho) /. z2'[1] » dzuEvaluatedAtl)
CellPrint["Now compute variance, which by Drmota is -z''[1]/z[1] + mu™2 + mu"]
var = -d2zu/rho+mu*mu + mu

NO z? 1 1 1
{S::DO+NO,D0 =2z+2?, NO == DOR + +— N0OSz?>+— DOuz?+— DOSuz?,
2 2 2 2
NO z? 1 1 1
== +7N0R22+7D0u22+7D0Ru22}
2 2 2 2

Eliminate all variables except S,u,z

s3 z4 1+ 52 22 (—4+22—223+2uz3—2z4+2uz4)+
S(4—2zz+4z3—4uz3+4z4—4uz4—225+2u25—z6+

u226+2z7—4uz7+2u2z7+28—2u28+u228) ==

z<4+4z—222+2uzz—2z3+2uz3—zs+2uzs—u225—226+4uze—2u2zG—z7+2uz7—uzz7)

szt +8?2% (<4+2°+2 (-1+u) 2> +2 (-1+u) 2+

S(4-22"-4(-1+u)2’-4 (-1+u)z*+2 (-1+u) 2°+ (-1+u?) 2°+2 (-1+uw)? 2"+ (-1+u)*2*) -

-~z (l+z) (-4-2(-1+u)2®+ (-1+u)?2°+ (-1+u)?2°)
(S3z4+s2 22 (—4+zz+2 (-1+u) 23+ 2 (-1+u) 24) +

z(l+z) (-4-2(-1+u)2*+ (-1+u)®2°+ (-1+u)?z2°%)) /

(-4+22°+4 (-1+u)2>+4 (-1+u) 2 -2 (-1+u) 2°- (-1+u”) 2°-2 (-1+uw)? 2" - (-1+u)?2°)

(s3z4+szz2 (—4+zz+2 (-1+u) 23+ 2 (-1+u) 24) +

z(l+z) (-4-2(-1+u) 2>+ (-1+u)®2°+ (-1+u)?z2%)) /

(—4+222+4 (-1+u) z3+ 4 (-1+u)z?-2 (-1+u) z°- (—1+u2> z%-2 (—1+u)zz7— (—1+u)zzs)

s—(s3z4+szz2 (—4+22+2 (-1+u) z3+2 (-1+u) z4)+

z(l+z) (-4-2(-1+u)z’+ (-1+u)®z>+ (—1+u)226))/

(-4+22%+4 (-1+u)2>+4 (-1+u)z' -2 (-1+u) 2°- (-1+u?) 2°-2 (-1+u)?2z’ - (-1+u)? 2%

(4s—4z—422—2522—452zz+2z3+4sz3—2uz3—4suz3+2z4+4sz4+s224+s3z4—2uz4—
4suz®-2s2z>-2s?z°+2suz’+2s?uz’+2°-s52°-2522°-2uzf+2s5uzb+utzbisutzb+
2z7+2sz7—4uz7—4suz7+2uzz7+25u2z7+28+szs—2uzs—25uzs+u2zB+su228)/

(4—2zz+4z3—4uz3+424—4uz4—2zs+2u25—26+u2z6+2z7—4uz7+2u227+28—2uzs+u2zs>
4s-4z-42z>-2s2z>-4s?2?2+2z%+4sz>-2uz’-4suzd+2zt+4szt+s?ztisdzto2uzt-
4suzt-2sz°-2s22°+2suz’+2s?uz’+2°-s52°-2s22°-2uzf+2s?uzb+utzfisu’z

2z +2sz’ -4uz’ -4suz’ +2ulz’+2su?z’ +2%+s28-2uzb-2suz®+u?z®isu?zt

(3s”z'+2s2? (-4+2%+2(-1+u)2z>+2
4

(
(-4+22%+4 (-1+u) 2°+4 (-1+u)z* -2 (-1+u) 2°- (-1+u?) 2°-2 (-1+u)?z’ - (-1+u)?2°)

1-(3s?z*+2s2* (-4+2°+2 (-1+u) 2’ +2 (-1+u) z*)) /

(-4+22%+4 (-1+u)2®+4 (-1+u) 2' -2 (-1+u) 2°- (-1+u?) 2°-2 (-1+u)? 2’ - (-1+u)?2®)

|3
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(4—222—8322+423—4uz3+4z4+2sz4+3szz4—4uz4—225—4szs+
2u25+4su25—26—4szﬁ+4su26+u2z6+227—4uz7+2u2z7+zB—2u28+u228)/

(4—2zz+4z3—4uz3+4z4—4uz4—2zS+2u25—26+u2ze+2z7—4uz7+2uzz7+zs—2uzs+u2zg>

4-222-8sz?+4z3 - 4uzd+azti2szt+3s22-4uzt-22°-4s2°+

5 6 2 7

-z - 4sz+4suzf+u?zb+22"-4uz’+2u’z 8 2 g8

2uz’+dsuz +z8-2uzf+iulz

Denominator of (s-f) same as that of (1-dfs)
Now compute the resultant of numerators a,b to get relation between S,u,z
Express S-F and 1-D[F,S] as fractions over the same common denominator

Then compute the resultant of the numerators of these expressions

128 21 - 14422 196 213 + 3522 1+ 192 uz' +512 2% + 400 uz!® + 220 2% + 256 u 21 - 216 27 +
296 uzl’-96u®z'7 -4122'® + 688 uz®-292u? 2% - 440 2'° + 784 uz'® - 344 u? 2z!? - 308 2%° +
584122 -292u?22%+16u®22°-208 22! +480uz? -336u? 22t + 64 ud 22! - 144 222 + 384 uz?? -
336 u2z?2+96u’ 2?2 -642% +192uz®®-192u? 2z +64ud2?®-162%* +48uz?-48u?z* +16u° 2%

~128 z[u]*t - 144 z[u]?+96 z[u]*®+352z[ult* +192uz[ul** +512z[u]*® +400uz[u]t® +
220z[ult®+256uz[ult®-216z[ull’ +296uzult’ -96u®z[ul’ -412z[u]®+
688uz[ult®-292u2z[u]®-440z[ulj?®+784uz[ul?®-344u?z[u]?’-308z[ul?®+
584uz[u]2°—292u2z[u]2°+16u3z[u}2°—2082[u}21+480uz[u}21—336u2z[u]21+
64udz[u]?t-144z[u]?®>+384uzful?®-336u?z[ul®?+96uzul?®-64z[u]?+
l92uz[u]23—192u2z[u]23’+64}lu3z[u}23—16z[u]24+48uz[u}24—48u2z[u]24+16u32[u}2‘1

192 z[u]'® + 400 z[u]*® +256 z[u]'®+296 z[u]'” -192uz[u]'’ + 688 z[u]'®-584uz[u]l®+784z[u]'’-
688uz[ull®+584z[ul?®-584uz[ul?®+48u2z[uj?®+480z[uj?t-672uzul?t+192uz[ulj?+
384z[uj??-672uzul??+288u?z[ulj?2+192z[uj?®-384uzful?®*+192u?z[u]?®+48z[uj? -
96uz[u]? +48u?z[uj? -1408 z[u]'® Derivative[1][z] [u] - 1728 z[u]!! Derivative[1] [z] [u] +
1248 z[u]'? Derivative[1] [z] [u] + 4928 z[u]!® Derivative[l] [z] [u] +
2688 uz

13 perivative ] 4 perivative

[u] (1] [z] [u] + 7680 z[u [1][z] [u] +
6000 u z[u]'* Derivative[1][z] [u] + 3520 z[u]!® Derivative[1l][z] [u] +
4096 u z[u]'® Derivative[1] [z] [u] - 3672 z[u]'® Derivative[1][z] [u] +
5032 u z[u]'® Derivative[1l] [z] [u] - 1632 u? z[u]'® Derivative[1l] [z] [u] -
7416 z[u]!’ Derivative[1l] [z] [u] + 12384 uz[u]!’ Derivative[l][z] [u] -

14896 uz[u]'® Derivative[1] [z] [u] - 6536 u? z[u]!® Derivative[1
6160 z[u]'® Derivative[1][z][u] + 11680 uz[u]'® Derivative[1] [
5840 u? z[u]'® Derivative|

zZ

[z] [u

1][z] [u] +320u® z[u]'® Derivative[1]
4368 z[u]?’ Derivative[1][z] [u] + 10080 u z[u]?’ Derivative[1] [z] [u] -
7056 u? z[u]?° Derivative[1][z] [u] + 1344 u® z[u]?° Derivative[1][z] [u] -
3168 z[u]?! Derivative[1l] [z] [u] + 8448 u z[u]?! Derivative[1l][z] [u] -
7392 u? z[u]?! Derivative[1][z] [u] + 2112 u’ z[u]?! Derivative[1l] [z] [u] -
1472 z[u]?? Derivative[1] [z] [u] + 4416 u z[u]?? Derivative[1l][z] [u] -
4416 u? z[u]?? Derivative[1][z] [u] + 1472 u® z[u]?? Derivative[1l] [2] [u] -
384 z[u]?® Derivative[1] [z] [u] + 1152 u z[u]?3 Derivative[1l] [z] [u] -
1152 u? z[u]?3 Derivative[1] [z] [u] + 384 u’ z[u]?3 Derivative[1l] [z] [u]
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8z[ul'® (6 (-1+u)?z[u]'®-176 Derivative[l][z][u] - 216 z[u] Derivative[l] [z] [u] +
156 z[u]? Derivative[1] [z] [u] + 56 (11 + 6 u) z[u]® Derivative[l] [z] [u] +
24 (-1+u)2z[u]!® (1+2 (-1+u) Derivative[1l][z] [u]) +
4 (-1+u) z[u]*® (-12+9u+46 (-1+u)?Derivative[1] [z] [u]) +
z[u]'® (73-73u+6u’+42 (-1+u)? (-13 +4u) Derivative[l] [z][u]) +
6z[ul? (4+5 (32+25u) Derivative[1l][z][u]) +z[u]® (50 + 8 (55 + 64 u) Derivative[1l] [z] [u]) +
12 (-1+u) z[u]* (-5+2u+11 (3-5u+2u?) Derivative[1][z] [u]) +
z[u]® (32-17 (27-37u+12u’) Derivative[1] [z] [u]) +
z[u]® (86 -73u-19 (55-98u+43u’) Derivative[1][z] [u]) +
z[u]” (37-24u-9 (103-172u+ 73 u?) Derivative[1] [z] [u]) +
9

2z[u]® (49-43u+5 (-77+146u-73u’ + 4 u’) Derivative[l] [z] [u]))

{{perivative[l][z][u] -
(-242z[u]*-502z[u]®-322z[ul®-37z[u)’ +24uz[u]’-86z[ul®+73uz[ul®-
98 z[u]’+86uz[ul®-73z[ul®+73uz(ul®-6uz[(u]®-60z[ujlt+
84uz[u}11—24u2 z[u]ll—482[u}12+84uz[u}12—36u2z[u]lz—
24z[u]P+48uzulP®-24u’z[u]P-6z[ul*+12uzul™-6u’z[u]")/
(-176 - 216 z[u] + 156 z[u]? + 616 z[u]> +336uz[u]’+960z[ul*+750uzlu]®+

440 z[u]®+512uzfu]®-4592z[ul®+629uz[ul®-204u2z[uj®-927z[u]’ +1548uzfu]’ -
657u®z[u]’-1045z[ul®+1862uz[ul®-817u?z[uj®-7702[u]’+1460uzul’-
730u?z[u]®+40udz[u]®-5462z[ull®+1260uz[u]l®-882u?z[ujl®+168udz[ujl’-
396 z[u]lt +1056uzultt-924u?z[ultt +264udz[ujtt-184 z[uljt?+552uz[ult?-
552u® z[u]'? + 184w’ z[u]'? - 48 z[u]*’ + 144 uz[u]’ - 144 v’ z[u]*’ + 48 W’ z[u] ®) } }

-0.0664001

According to Drmota's Theorem 1, the mean equals -z'[1]/z[1], computed next.
0.12426
0.0564015

Now compute variance, which by Drmota is -z"[1]/z[1] + mu/2 + mu

0.0341517



